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Abstract. Conformal harmonic maps from a 4-dimensional con- 
formal manifold to a Ricmannian manifold are maps satisfying a 
certain conformally invariant fourth order equation. We prove a 
general existence result for conformal harmonic maps, analogous 
to the Eells-Sampson theorem for harmonic maps. The proof uses 
a geometric flow and relies on results of Gursky-Viaclovsky and 
Lamm. 



Let (M, g) and {N, h) be two compact Riemannian manifolds of di- 
mension 4 and n respectively. Denote by , Ric^ and the Rie- 
mann, Ricci and scalar curvatures associated to (M, g) respectively. 
The tension field t{u) G u*TN of a map u G C'^{M, N) is defined by: 

where {cj} is an orthonormal frame of TM and V, V are the Rie- 
mannian connections on T*M (g) u*TN and u*TN respectively. So u is 
a harmonic map if and only if t{u) = 0. 

The following conformal energy functional for maps u : M ^ N was 
introduced by Berard [T]: 

(1) S{u)= [ (\t{u)\^ + ^S'''\du\^ -2Ric^'{du,du))dvg 

It is conformally invariant with respect to conformal changes of g (but 
not of h). The map u is said to be a conformal-harmonic map (in short, 
C-harmonic map), if it is a critical point of S. Namely, it is a solution 
of the following equation: 

(2) 

C{u) := AT{u) + R^{du{ei),T{u))du{ei)+V*{{ls^^ -2mc^)du} = 

where A = V*V is the rough Laplacian, V* is the L^-adjoint of V. 
This C-harmonic equation ([2]) differs from the biharmonic equation 
by low order terms which make the C-harmonic equation conformally 
invariant. 

The Yamabe number /i(M, [g]) and the total Q-curvature k{M, [g]) 
are defined by 

(3) 



g- 
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Both are conformal invariants of [g\. The aim of this Note is to prove 
the following: 

Theorem 1. Let (M"^, [g\) and {N"',h) be compact manifolds equipped 
with a conformal metric [g] and a Riemannian metric h respectively. 
Assume that the curvature of {N, h) is non positive, /i(M, [g]) > and 
k{M, [g]) + i/i^(M, [g]) > 0. Then each homotopy class in C'^{M,N) 
can be represented by a C-harmonic map. 

This statement is analogous to the classical theorem of Eells and 
Sampson on the existence of harmonic maps, but no uniqueness is 
proved. Remark that C-harmonic maps are usually not harmonic for 
any metric in the conformal class [g], so the theorem actually constructs 
new applications which depend only on the conformal geometry of [g]. 

The rest of the paper is devoted to the proof of Theorem [U The 
geometric hypothesis is explained by the following crucial proposition, 
which is adapted from the theorem of Gursky and Viaclovsky [5] giving 
conditions for the Paneitz operator to be positive (this corresponds to 
the case iV = M). The conditions on (M, [g]) are the same as in [3], 
but we add a non positive curvature assumption on (A^, h): 

Proposition 2. Let {M,g) and {N,h) be compact Riemannian mani- 
folds of dimension 4 and n respectively. Assume that the curvature of 
{N, h) is non positive, fi{M, [g]) > and k{M, [g]) + ^^^^(M, [g]) > 0. 
Then there exists a positive constant c such that S{u) > c||dtt||2. 

It is important to note that the RHS of the inequality is not con- 
formally invariant, so the constant c depends on the metric g itself. 
Nevertheless, since the LHS is conformally invariant, it is sufficient to 
prove the inequality just for one special metric in the conformal class. 
Proof. We adapt [31 § 6]. For any map u G C°°{M, N), we have the 
Bochner-Weitzenbock formula: 
(4) 

\\t{u)\\1 = \\Vdu\\l-f {Y.{Rlie.),Me,)Me,),du{e,))-mc''{du,du))dv,. 

We combine ([T]) and | times and use the fact that the curvature of 
is non positive, to get 

(5) 

£iu) > ^(llVd^ll^ - \\\riu)\\l) + ^ {S^'\du\' - Ric^\du,du))dv,. 

Again by [3], under the hypothesis, there exists a metric g in the confor- 
mal class such that the scalar curvature and the second symmetric func- 
tion of the eigenvalues of Ric are positive, which implies Ric*^ < S^g. 
Combining with the fact that |VdM|2 — ||t(u)|| = |Vodttp, where Vod« 
is the trace free part of Vd-u, we deduce that there exists c > such 
that S{u) > c\\du\\l □ 
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In order to prove Theorem [H we study the gradient flow of the 
energy: 

(6) dtU = -C{u), u{-,0) = uo. 

Equation ([S]) is a fourth order strongly parabolic equation. So, there 
exists T > such that equation has a solution u G C°°{M x 
[0, T), A^). We have the following estimates: 

Lemma 3. Under the assumptions of TheoremUl and if u E C°°{M x 
[0,r),iV) is a solution of then we have for all t G [0,T); 

(7) £{u{-,t)) + 2 f\\dtu\\ldt = £iuo), 

<j 

(8) ||du(-,t)||^ + 2 f \\Wr{u)\\ldt < ||dno||^ + ct, 

(9) / \Vdu\^dvg < c, 

JM 

(10) / \du\^dVg < C. 

JM 

Proof. Let it be a solution of We have ^£-{u) = d£{dtu) = 

2{C{u),dtu) = —2{dtU,dtu). Equality ([7]) holds after an integration 
over time. 

Using Proposition El and ([7]), we obtain ||dii||2 < c. Using again (^^, 
we conclude that ||r(ii)||2 < c. Using (jj]) and the fact that has non 
positive curvature, we have HVd^Hg < [^(^i)!!! + clld^Hg. Hence we 
obtain ©. 

Now observe that 

C{u) = At{u) + R^{du{ei),T{u))du{e,) + (Vi?^0 & du + R^^ Vdu, 

where the 0's are fixed bilinear operations. Since has nonnegative 
curvature, using and the bounds on ||dM||2 and ||r(M)||2, it follows 
that {C{u),t{u)) > ||Vt(u)||2 — c for some constant c. Therefore, 

^^l|d<,t)||^ = (9,n,r(t.)) = -(£H,rH) < -||Vr(n)||^ + c. 

Hence (E]) holds after an integration over time. Inequality fllOl) is ob- 
tained from the bound on ||d'u||2 by using and Sobolev embed- 
ding. □ 

Given the estimates of the lemma, the arguments for proving the 
long time existence of the flow and its convergence are very similar to 
that developed by Lamm [1] in its study of the flow for biharmonic 
maps. Below we briefly explain how to use its proof to finish the proof 
of Theorem [TJ 

Biharmonic maps are solutions of the equation 

(11) At{u) + R^{du{ei), T{u))du{ei) = 
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which are critical points of the functional 

(12) H^)= [ \Tiu)\Mv,. 

If we compare the functionals S, J-", we note that there exists c > 
such that 

J^{u) - c\\du\\l < S{u) < T{u) + c||dM||^. 

Since ||dii||2 is estimated in Lemma El all the estimates obtained by 
Lamm for the solutions of the biharmonic map gradient flow hold for 
the C— harmonic ones. Therefore, we give a series of results where 
the proofs are given in [4j (itself building on deep regularity results 
of Chang- Yang and Struwe). To state them, we need to introduce a 
smooth nonnegative cut-off function rj on M, such that 

?7 = lonS^(Po), 

(13) ?7 = OonM-S2/j(Po), 

c 

||V*?7||oo < 7^ for i = 1 and 2, 

where Br{Pq) is a geodesic ball with centre Pq & M and radius R < 
min(l, |inj^j(Po))- Let E be the (conformally invariant) total energy 
defined by 

(14) E{u) = £{u) +( f |dM|Mi;g 

The local energy E{u; B^^Pq)) is defined by an analogous formula as 
E, where the integration is taken over the ball Bjj{Pq). 

Lemma 4. Let u E C°°{M x [0,T), A^) he a solution of (fS]). There 
exists Sq = eo{uo, M, N) such that «/supo<t<T E{u{-, t); B2r{Po)) < £o, 
then for all t < T and k = 2,3, 

f I n'\w'^du\'dv,dt<c+^^. 
Jo JM 

Lemma 5. If v : — > N is a weak C-harmonic map with E{v) < 
+00, then E{v) = 0. 

Lemma 6. Let u G C°°(M x [0,T),N) be a solution of ©. There ex- 
ists Eo = eo{uo,M,N) such that if snp^^p^^^^^^Q T) E{u{-,t); B2r{P)) < 
6q, then there exists 6 G (0, min(T, ci?^)) such that the Holder norms 
of u and all derivatives of u are uniformly bounded on [t — ^,t] for all 
t G [|,r) by constants which depend only on Uq, M, N, R and the 
order of derivatives of u. 

Given these three lemmas, we now finish the proof of Theorem [H 
This still follows Lamm, but it may be useful for the reader to follow 
how one quickly deduces the result from the previous technical lemmas. 
As mentioned above, there exists T > and u G C°°{M x [0,T),N) 
solution of (jSl). Two cases can occur: 




A CONSTRUCTION OF CONFORMAL-HARMONIC MAPS 



5 



(1) for all R > 0, there exists Pq & M such that 

lim sup E{u{- ,t); Br{Po)) > Eq] 

(2) there exists Eq and R > such that 

sup E{u{-,ty,BR{F)) <eo. 

(P,t)GMx[0,T) 

The first case is when we have concentration. Then we claim that 
there exists a finite number of singularities. We construct a sequence 
of maps Um ■ — > N, by Umix) = u{Pm + RmX, tm + R^Sra)-, whcre 
itm) and {Pm) are sequences of positive real numbers and points 
of M which converge to 0, T and Pq & M respectively. There exists 
a sequence (s^) with values in [to,0], such that Um ^ u weakly in 
W;^'^ (M^ A^) and strongly in Wf^liM.^, N). It implies that w is a weak 
C-harmonic map, with finite and positive total energy E{u). From the 
regularity Lemma O we get a contradiction. 

So we must be in the second case: Lemma then implies that the 
flow can be continued smoothly beyond T. Therefore we conclude that 
the heat flow doesn't have any singularities and exists for all times. 
From Lemma m and ([7j), we conclude that there exists r > such that 

/*^^ / \V^u\^dv„dt < c and lim /*^^ / Idtul'^dvAt = 0. 

There exists tm +oo such that '■= u{-, tm) converges to u^o weakly 
in W^^'^(M, A^) and dtUm converges to in L'^{M, N). By Lemma [HI we 
have that Um is uniformly bounded in C'^ for all k eN. Taking a limit 
in (P), we deduce that smooth C-harmonic map. 
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